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Abstract
For a Tychonoff space X, Cp(X) denotes the space of all real-valued continuous functions on X
with the pointwise convergent topology. Two Tychonoff spaces X and Y are said to be l-equivalent
if Cp(X) and Cp(Y ) are linearly homeomorphic. We give a characterization of spaces that are l-
equivalent to a disk. Ó 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction and preliminaries
In this paper, we assume that all spaces under consideration are Tychonoff. Let Cp(X)
be the space of all real-valued continuous functions on X with the pointwise convergent
topology, and Cp(X|A) the subspace of Cp(X) consisting of all functions vanishing on
a closed subset A of X. For linear topological spaces V and W , V ∼ W means that V
and W are linearly homeomorphic. Two spaces X and Y are said to be l-equivalent if
Cp(X)∼ Cp(Y ), and written X ∼l Y . By the symbols Dn and S we specify the n-disk and
the convergent sequence, respectively. A space X is said to be S-stable if X × S ∼l X.
A compact metric space is called a compactum. For a subset Y of X and a subset of Z of
Y , we set:
IntY Z = the interior of Z,
FrY Z = the boundary of Z
in the subspace Y , respectively; if Y =X, we write IntZ for IntX Z. Other undefined terms
can be found in [2–4].
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In 1980, Pavlovskiı˘ [7] proved that every n-dimensional finite polyhedron is l-equivalent
to the n-disk. Subsequently, several general topologists investigated spaces that are l-
equivalent to the n-disk (for example, see [1,5,6,9]). In particular, Arhangel’skiı˘ [1]
introduced a powerful notation “S-stability” and subsequently obtained an interesting
progress. In [5], Kawamura and the author gave the generalization of Pavlovskiı˘’s result
to topological manifolds. On the other hand, Valov [9] applied Pełczyn´ski’s method to
an investigation of the Cp-theory and obtained characterizations of spaces that are l-
equivalent to the universal Menger compactum and to the Hilbert cube. The purpose of
this paper is to give an inner characterization of spaces that are l-equivalent to the n-disk.
2. The main theorem
Definition 2.1. Let X be a finite-dimensional compactum. We put:
DK(X)= {x ∈X | indx X = dimX}, and
M(X)= the closure of DK(X) in X.
For the definition of indx X, see [4, Problem 1.1.B, p. 7]. The subset DK(X) of X is a
known one as the dimensional kernel of X.
Definition 2.2. An n-dimensional space X is said to be an MU(n)-space if every subset Y
of X with dimY = n satisfies IntY 6= ∅ and contains a copy of Dn.
Euclidean n-space is an MU(n)-space; this classical result that is due to Menger and
Urysohn is well known. By using the above two definitions, we can now formulate a
theorem that gives a characterization.
Theorem 2.3. For a space X and a natural number n, X is l-equivalent to Dn if and only
if X is an n-dimensional compactum with:
(2.3.1) there exists a non-empty open subset of M(X) that is an MU(n)-space,
(2.3.2) every non-empty open subset of M(X) contains a subset that is l-equivalent toX.
To prove the theorem, we need some lemmas.
The following lemma is due to Menger (see [4, Problem 1.5.H.(c), p. 38]).
Lemma 2.4 (Menger). Let X be an n-dimensional compactum. For every point x in
DK(X), indx DK(X)= n.
By Lemma 2.4, we have:
Lemma 2.5. Let X be an n-dimensional compactum. If U is a non-empty open subset of
M(X), then dimU = n.
As Lemma 2.5 may be known, for the completeness of the paper, we give a proof.
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Proof. Suppose that dimU 6 n−1 and take a point x inU ∩DK(X). Since indx DK(X)=
n by Lemma 2.4, there exists a neighbourhood V of x in DK(X) such that, for
every neighbourhood W of x in DK(X) with W ⊂ V , ind FrDK(X) W > n − 2. Take a
neighbourhood N of x in M(X) such that N ∩ DK(X) = V . By our assumption, there
exists an open subset G of U with x ∈G⊂ N ∩U and ind FrU G6 n− 2. On the other
hand, obviously, we have FrDK(X)(G∩DK(X))⊂ FrU G. This is a contradiction. 2
Lemma 2.6 [7]. For two compacta X and Y with X ∼l Y :
(1) if Z is a subset of X with the Baire property, then there exists a non-empty open
subset of Z that is homeomorphic to a subset of Y ,
(2) dimX = dimY .
Lemma 2.7 [1, Proposition 19]. If two compacta X and Y are l-equivalent and Z is an
arbitrary space, then X×Z ∼l Y ×Z.
Lemma 2.8 [1, Proposition 20]. For any space X, X× S is S-stable.
Lemma 2.9 [1, Proposition 22]. Let X be a compactum. If X contains a closed subset A
such that A∼l X× S, then X is S-stable.
Lemma 2.9 easily induces:
Lemma 2.10. The n-disk Dn is S-stable.
Lemma 2.11. If a space X is S-stable, then:
(1) Cp(X)×Cp(X)∼ Cp(X),
(2) for every space Y with Y ∼l X, Y is S-stable.
Proof. For (1)
Cp(X)×Cp(X)∼ Cp(X× S)×Cp(X)
∼ Cp
(
(X× S)⊕X)∼ Cp(X× S)∼ Cp(X).
Lemma 2.7 implies (2) as follows:
Y × S ∼l X× S ∼l X ∼l Y. 2
The following lemma is well known (for example, see [9, p. 585]).
Lemma 2.12. Let X be a compactum. If A is a closed subset of X, then Cp(X) ∼
Cp(X|A)×Cp(A).
Lemma 2.13. If a space X is l-equivalent to some compactum, then X is a compactum.
Proof. Since the network weight and compactness are preserved by l-equivalence (see [2,
Theorem I.1.3, p. 26] and [8]), X is a compactum. 2
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Proof of the main theorem. (‘if’) Suppose that an n-dimensional compactum X
satisfies the conditions (2.3.1) and (2.3.2). First, we show that X × S ∼l Dn. By the
condition (2.3.1), there exists a non-empty open subset U of M(X) that is an MU(n)-
space. Furthermore, by the condition (2.3.2), U contains a subset Y1 with Y1 ∼l X. Since,
by Lemma 2.6(2), dimY1 = n, and Y1 contains a copy A of Dn. Then IntU A 6= ∅ because
dimA = n. Applying the condition (2.3.2) again, we can find a subset Y2 of IntU A such
that Y2 ∼l X. Then, Y2 × S ⊂A× S ⊂ Y1 × S, and, by Lemma 2.7, we have
Y1 × S ∼l X× S ∼l Y2 × S.
It follows that
Cp(X× S)∼ Cp(Y1 × S)
∼ Cp(Y1 × S |A× S)×Cp(A× S) (by Lemma 2.12)
∼ Cp(Y1 × S |A× S)×Cp(A× S)×Cp(A× S) (by Lemmas 2.8 and 2.11(1))
∼ Cp(Y1 × S)×Cp(A× S) (by Lemma 2.12)
∼ Cp(Y2 × S)×Cp(A× S)
∼ Cp(Y2 × S)×Cp(Y2 × S)×Cp(A× S | Y2 × S) (by Lemma 2.12)
∼ Cp(Y2 × S)×Cp(A× S | Y2 × S) (by Lemmas 2.8 and 2.11(1))
∼ Cp(A× S) (by Lemma 2.12)
∼ Cp(Dn × S) (by Lemma 2.7)
∼ Cp(Dn) (by Lemma 2.10).
Hence X × S ∼l Dn. Thereby X is S-stable because of the condition (2.3.1) and
Lemma 2.9. It follows that X∼l X× S ∼l Dn.
(‘only if’) By Lemmas 2.6(2) and 2.13, X is an n-dimensional compactum. Now we
proceed to check the conditions (2.3.1) and (2.3.2). By Lemma 2.6(1), there exists a non-
empty open subset U of M(X) that is homeomorphic to a subset of Dn. By Lemma 2.5,
dimU = n. It is easy to see that U is an MU(n)-space. To check the condition (2.3.2), take
a non-empty open subset V of M(X). Since M(X) is closed in X and V is open in M(X),
V has the Baire property. By Lemma 2.6(1) again, there exists a non-empty open subsetW
of V that is homeomorphic to a subset of Dn. Since dimW = n by Lemma 2.5,W contains
a copy of Dn that is l-equivalent to X by the assumption. 2
3. Corollaries and related matters
Corollary 3.1. If X ∼l Dn then X ∼l M(X).
Proof. By Theorem 2.3, X is a compactum. Moreover, by the condition (2.3.2) and
Lemma 2.13, there exists a compact subset Z of M(X) such that Z ∼l X. Now we have:
Cp
(
M(X)× S)
∼ Cp
(
M(X)× S |Z× S)×Cp(Z × S) (by Lemma 2.12)
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∼ Cp
(
M(X)× S |Z× S)×Cp(Z × S)×Cp(Z× S)
(by Lemmas 2.8 and 2.11(1))
∼ Cp
(
M(X)× S)×Cp(Z× S) (by Lemma 2.12)
∼ Cp
(
M(X)× S)×Cp(X× S) (by Lemma 2.7)
∼ Cp
(
M(X)× S)×Cp(M(X)× S)×Cp(X× S |M(X)× S) (by Lemma 2.12)
∼ Cp
(
M(X)× S)×Cp(X× S |M(X)× S) (by Lemmas 2.8 and 2.11(1))
∼ Cp
(
X× S) (by Lemma 2.12)
∼ Cp(X) (by Lemma 2.11(2))
∼ Cp(Z).
By Lemma 2.9, we have X ∼l M(X). 2
In [5], Kawamura and the author proved that every compact topological n-manifold is
l-equivalent to Dn. Unfortunately, we cannot set this result as a corollary of Theorem 2.3
because it is difficult to check the condition (2.3.2) directly for several compact topological
manifolds. Now, we introduce a class of spaces for that we have no difficulty in checking
the condition.
Definition 3.2. A space X is said to be densely self-embeddable if every non-empty open
subset of X contains a copy of X.
Corollary 3.3. For a densely self-embeddable space X and a natural number n, X is l-
equivalent to Dn if and only if X is an n-dimensional MU(n)-compactum.
Proof. First, notice that M(X) = X. Suppose that X is an n-dimensional MU(n)-
compactum. It is easy to see that X satisfies the conditions (2.3.1) and (2.3.2). Now we
proceed to show the converse. By Theorem 2.3, X satisfies the condition (2.3.1). Since
X is densely self-embeddable, we may assume that X is a subset of the MU(n)-space U .
Notice that every n-dimensional subset of an MU(n)-space is an MU(n)-space. 2
Corollary 3.4. For every densely self-embeddable spaceX, the spaceX× (the Cantor set)
is not l-equivalent to Dn.
Remarks. It is well known that the n-dimensional universal Menger compactum µn is
densely self-embeddable. Thus, we have M(µ1) = µ1. By these facts, we can see that
the space µ1 satisfies the condition (2.3.2), but not (2.3.1) for n = 1. Moreover, Valov
[9, Theorem 2.9] proved that a space X is l-equivalent to µn if and only if X is an n-
dimensional compactum containing a copy of µn. By this fact, we can see that µ1 is not
l-equivalent to D1, and thus, the converse of Corollary 3.1 does not hold. Obviously, the
space µ1 ⊕ D1 satisfies the condition (2.3.1). By the above result of Valov, µ1 ⊕ D1 is
l-equivalent to µ1, and thus, it does not satisfy the condition (2.3.2). Thus, we cannot
drop each one of the conditions (2.3.1) and (2.3.2) in Theorem 2.3. Next, we refer to the
existence of a space X that is not l-equivalent to M(X) (cf. Corollary 3.1). Let X be the
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space µ1 ⊕ D2. Obviously, we have M(X) = D2. Suppose that X is l-equivalent to D2.
By Lemma 2.6(1), there exists a non-empty open subset of µ1 that is homeomorphic to a
subset of D2. This contradicts the fact that µ1 is densely self-embeddable. In conclusion,
we point out the existence of a space X with X ∼l D1 that is not an MU(1)-space (cf.
Corollary 3.3). Let X be the space D1 × S. By Lemma 2.10, X is l-equivalent to D1. The
interior of the 1-dimensional compact subset D1 × {p} of X is empty, where p is the limit
point of S. Notice that M(X)=X for this space X.
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